Nested Krylov methods
for shifted linear systems

M. Baumann®' and M. B. van Gijzenf

*Email: M.M.Baumann@tudelft.nl
TDelft Institute of Applied Mathematics

Delft University of Technology
Delft, The Netherlands

University of Wuppertal - September 25, 2014
5
TUDelft

M. Baumann

Nested Krylov methods for shifted systems

A«4O0>» «F>» « E»

R=




Motivation

Full-waveform inversion

PDE-constrained optimization:

min Ui — U
p(x),cp(x),cs(x) i meas ||,

where in our application:
® ugy, is the (numerical) solution of the elastic wave
equation,
@ Upeas IS Obtained from measurements,

@ p(x) is the density of the earth layers we are interested in.

The modelling is done in frequency-domain...
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Motivation

Modelling in frequency-domain

Frequency-domain approach:

The time-harmonic elastic wave equation

For many (angular) frequencies wy, we solve

—wip(x)a —V - o(li,cp,c5) =8, x€QC R,

together with absorbing or reflecting boundary conditions.

Inverse (discrete) Fourier transform:

u(x, t) = Z G(x, wy ekt

k
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Motivation

Shifted linear systems

The discretized time-harmonic elastic wave equation is
quadratic in wy:

(K + iw,C — wiM)d = 8,
which can be re-arranged as,
iM~tC MK _ I 0 wil
I 0 “\o 1
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Motivation

Shifted linear systems

quadratic in wy:

The discretized time-harmonic elastic wave equation is

(K + iw,C — wiM)d = 8,
which can be re-arranged as,
iM~tC MK _ I 0 wrl
I 0 “o 1
The latter is of the form:

0 _)‘
(A — wkl)Xk = b,
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QOutline
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@ Nested multi-shift Krylov methods

© Numerical results

@ Summary
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What's a shifted linear system?

Definition
Shifted linear systems are of the form
(A—whx®) =,

where w € C is the shift.
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What's a shifted linear system?

Definition
Shifted linear systems are of the form

(A—whx®) =,
where w € C is the shift.

For the simultaneous solution, Krylov methods are well-suited
because of the shift-invariance property:

Km(A,b) = span{b, Ab, ..., A" 1b} = K,,(A — wl,b).
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What's a shifted linear system?

Definition
Shifted linear systems are of the form
(A—whx®) =,

where w € C is the shift.

For the simultaneous solution, Krylov methods are well-suited
because of the shift-invariance property:

Km(A,b) = span{b, Ab, ..., A" 1b} = K,,(A — wl,b).

“Proof” (shift-invariance)

For m=2: K5(A,b) = span{b, Ab}
K2(A — wl,b) = span{b, Ab — wb} = span{b, Ab}
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For example, multi-shift GMRES

After m steps of Arnoldi, we have,
AVm — m+1ﬂm7
and the approximate solution yields:

Xm = VinYm, where y, = arggin [Hmy — [[blle1]| .
yeCm
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For example, multi-shift GMRES
After m steps of Arnoldi, we have

Avﬁ:: m+Lﬂma

and the approximate solution vyields
Xm ~ ViYm,

where ym = argmin [|H,,y — |[b]lei
yeCm
For shifted systems, we get

(A—wl)Vm = Vin1(H,,, — wl,),
and, therefore
xf,‘,u) myg'f), where yfn) = argmin HH y — ||b]|e1H
yeCm
e
TUDelft
M. Baumann

A4O0>» «F» «E» «=>»
Nested Krylov methods for shifted systems

Q>



For example, multi-shift GMRES
After m steps of Arnoldi, we have

Avﬁ:: m+Lﬂma

and the approximate solution vyields
Xm ~ VinYm,

where ym = argmin [|H,,y — |[b]lei
yeCm
For shifted systems, we get

and, therefore
xf,‘,u) myg'f), where yfn) = argmin HH y — ||b]|e1H
yeCm
e
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Preconditioning is a problem

Main disadvantage:

Preconditioners are in general not easy to apply. For

(A—whP;y®@ =b, P x =y
it does not hold:

Km(AP7Lb) # Km(APS —wPS1 b).
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Preconditioning is a problem

Main disadvantage:

Preconditioners are in general not easy to apply. For
(A—whP;ly® =b, Px®) =y«
it does not hold:

Km(AP7Lb) # Km(APS —wPS1 b).

However, there are ways...

Reference

B. Jegerlehner, Krylov space solvers for shifted linear systems. Published
online arXiv:hep-lat/9612014, 1996.
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Preconditioning is a problem

or has been a problem ?
Short historical overview:

2002 Shift-and-invert preconditioner:

P=(A-r1l), 7=~{wi,.

vey wN}
2007 Many shift-and-invert preconditioners:

Py = (A=70)
2013 Polynomial preconditioners:
pn(A) ~ A1,

pE(A) ~ (A~ wi) !
2014 Nested Krylov methods
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Shift-and-invert preconditioner

Choose P = (A —7l). Then,

(A—whPt = APt — 9,1

=AA—-7I)t—n,l
=[A=n,(A=TD](A=71)71
- [A+ L

o /] 1—n)A-7NH"1

From the fit w = —1—"_“%, we conclude

1
Po
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Polynomial preconditioners - Theory

Suppose we have found,

pn(A) = Za,-A" ~ Al
i=0

Question: Can we find p¥(A)

Yoo ozj-"Ai such that
(A—wl)pi(A) = Apn(A) — ! ?
Reference

M. I. Ahmad, D. B. Szyld, and M. B. van Gijzen, Preconditioned multishift
BiCG for H,-optimal model reduction. Technical report, 2013.
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Polynomial preconditioners - Theory

Suppose we have found,

pn(A) = Za,-A" ~ Al
i=0

Question: Can we find p¥(A)

Yoo ozj-"Ai such that
(A—wl)pi(A) = Apn(A) — ! ?
Reference

M. I. Ahmad, D. B. Szyld, and M. B. van Gijzen, Preconditioned multishift
BiCG for H,-optimal model reduction. Technical report, 2013.
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Polynomial preconditioners - Theory

From
(A - wl)p‘:(A) = Apn(A) - 77w/
we get
n ) n ) n )
D af AT =N Cwa A=Y T Al =0
i=0 i=0 i=0

The latter can be solved to:

w
oY = ap
of 1 =aj—1+way, fori=n, .1

_ w
Nw = (.dOéO
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Polynomial preconditioners - In practice

What goes wrong in practice?

o Use Chebyshev polynomials for p,(A) ~ AL,

» Based on ellipse that surrounds the spectrum of A,
» Does not work for indefinite matrix A.

@ Instead, approximate the shift-and-invert preconditioner
pn(A) =~ (A—71)"1, i.e. shift the spectrum.

@ For Helmholtz, this resembles an approximate shifted
Laplace preconditioner.
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Polynomial preconditioners - Example (1/2)

Acoustic wave propagation (Helmholtz equation):

Velocty profe o)

209 2000mis

Ap (27rfk) p=s :
(x) S

S = (5(X1 — 300,X2)

We prescribe absorbing boundary conditions (Sommerfeld
conditions).
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Polynomial preconditioners - Example (2/2)

We consider 5 different meshes:

Grid | h[m] | gridpoints | f[Hz] | No prec. | Exact prec. | PP n=3
1 100 i 1 179 i 87
2 100/2 273 1,2 457 156 194
3 100/4 1025 1,2,4 1160 319 457
4 100/8 3969 1,248 4087 788 1115
5 100/16 15617 1,2,4,8,16 9994 1830 2429

o MS-QMRIDR(8), Seed: 7 = (1 — 8/)2fimax

@ Note: we have to use a shift with a large imaginary part to
obtain a converging Chebyshev polynomial.

[Ongoing Research]
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Nested multi-shift Krylov methods

Methodology:
@ We have learned: Polynomial preconditioners exist

@ Question: Can we use a Krylov polynomial?
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Nested multi-shift Krylov methods

Methodology:
@ We have learned: Polynomial preconditioners exist

@ Question: Can we use a Krylov polynomial?

Nested multi-shift Krylov methods:
@ Use an inner multi-shift Krylov method as preconditioner.

@ For inner method, require collinear residuals [rJ(.w) =rj].
This is the case for:
» multi-shift GMRES [1998]
> multi-shift FOM  [2003]
> multi-shift BICG  [2003]
» multi-shift IDR(s) [new!]
@ Using 7, we can preserve the shift-invariance in the outer
Krylov iteration.
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Nested multi-shift Krylov methods

Overview of one possible combination:

Nested Krylov:

preconditioner

mSEOM i flexible

> msGMRES

i=j+1
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Multi-shift FOM as inner method

Classical result: In FOM, the residuals are
_ _ T
v = b— AXJ' =..= —hj+1Jej YiVjt1.
Thus, for the shifted residuals it holds:

which gives v = yJ.(w)/yJ-.

Reference

V. Simoncini, Restarted full orthogonalization method for shifted linear
systems. BIT Numerical Mathematics, 43 (2003).
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Flexible multi-shift GMRES as outer method

Use flexible GMRES in the outer loop,

~

(A= wl)Vp = VinyaHY,
where one column yields

(A—wl) P(w)j_lvj m+1hj(.w), 1<j<m
N—_——
inner loop
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Flexible multi-shift GMRES as outer method

Use flexible GMRES in the outer loop,

~

(A= wl)Vp = VinyaHY,
where one column yields

(A= wl)P(w); v = Vprh™, 1<j<m.
N—_——

inner loop

The “inner loop” is the truncated solution of (A — w/) with
right-hand side v; using msFOM.
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Flexible multi-shift GMRES

The inner residuals are:

rJ(.w) =vj—(A- w/)P(w)j_lvj,

— v — -1y
r=v; APJ- v,
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Flexible multi-shift GMRES

The inner residuals are:

rJ(.w) =vj—(A- w/)P(w)j_lvj,
I’J' = Vj — A’Pflvj',

Imposing rJ(.w) = r; yields:
(A—wl)P(w); vj = yAP vy — (v — 1)y, (*)

Note that the right-hand side in (x) is a preconditioned shifted
system!
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Flexible multi-shift GMRES

Altogether,

(A~ w)P(W); ') = Vi1l
— m+1bJ('W)
- m+1h('W)

m+1h(W)
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Flexible multi-shift GMRES

Altogether,

(A~ w)P(W); ') = Vi1l
VAP — (7 = 1)) = Viny1h!)

- m+1b§W)

(w)
m+1hj
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Flexible multi-shift GMRES

Altogether,

(A~ w)P(W); ') = Vi1l
VAP — (7 = 1)) = Viny1h!)

=J
Vi1 (v —1)e; = Vins1h)

Y Vms1h

(w)
m+1hj
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Flexible multi-shift GMRES

Altogether,

(A~ w)P(W); ') = Vi1l
VAP — (7 = 1)) = Viny1h!)

—J
Vi1 (v —1)e; = Vm+1h( )
Vm+1 (’Vh_/ - (

Y Vms1h

1)e;) = Vini1h
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Flexible multi-shift GMRES

Altogether,
(A~ w)P(W); ') = Vi1l
'YAP vi— (v =1y = m+1h('w)
7Vm+1hj m+1( )—J = m+1h( “)
Vet (1~ (2~ 1)€;) = Vg b
which yields:
Hi = (Hpy = L) T+ Ly

with I, == diag(71, .oy Ym)-
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Test case from literature:
e Q=10,1] x [0,1]
@ h=0.01 implying
n = 10.201 grid points

A first example - The setting ‘g ‘ ’ 1
0 Uk 1

@ system size:
4n = 40.804

o N = 6 frequencies

@ point source at center

Reference

@ T. Airaksinen, A. Pennanen, and J. Toivanen, A damping
preconditioner for time-harmonic wave equations in fluid and elastic
material. Journal of Computational Physics, 2009.
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A first example - Convergence behavior (1/2)

Preconditioned multi-shift GMRES:

multi-shift GMRES convergence

—f=5,000
A ~——f=10,000]
IS - s
N\ ; | vy .
) s We observe:
3 ] @ simultaneous
i | solve
i o CPU time:
= 4
i 17.71s
o

i i i i i i
0 10 20 30 40 50 60 70 80 90 100 110
#terations
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A first example - Convergence behavior (2/2)

Preconditioned nested FOM-FGMRES:

Relatve residual norm

3
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Inner msFOM convergence

Rlative residual norm

5 10 s 20 25
#Herations.

Outer msGMRES convergence

We observe:
@ 30 inner iterations

@ truncate when inner
residual norm ~ 0.1

o very few outer
iterations

o CPU time: 9.62s
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A first example - More nested methods

We were running the same setting with different (nested)
multi-shift Krylov methods:

multi-shift Krylov methods

msGMRES rest_msGMRES QMRIDR(4) msIDR(4)
7 inner iterations - 20 - -
# outer iterations 103 7 136 134
seed shift T 0.7-0.7i 0.7-0.7i 0.7-0.7i 0.7-0.7i
CPU time 17.71s 6.13s 22.35s 22.58s
nested multi-shift Krylov methods
FOM-FGMRES IDR(4)-FGMRES FOM-FQMRIDR(4) IDR(4)-FQMRIDR(4)
#£ inner iterations 30 25 30 30
# outer iterations 7 9 5 15
seed shift 7 0.7-0.7i 0.7-0.7i 0.7-0.7i 0.7-0.7i
CPU time 9.62s 32.99s 8.14s 58.36s
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Summary

v Nested Krylov methods for Ax = b are widely used
< extension to shifted linear systems is possible

v/ Multiple combinations of inner-outer methods possible,
e.g. FOM-FGMRES, IDR-FQMRIDR, ...

v/ The shift-and-invert preconditioner (or the polynomial
preconditioner) can be applied on top

X Future work: recylcing, deflation, ...
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Thank you for your attention!

Further reading:

@ M. Baumann and M. B. van Gijzen. Nested Krylov methods
for shifted linear systems. DIAM technical report 14-01,
2014.

Further coding:
https://bitbucket.org/ManuelMBaumann /nestedkrylov
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https://bitbucket.org/ManuelMBaumann/nestedkrylov

IDR(s) in a nutshell

r, to be,

IDR(s) is a Krylov subspace method that enforces the residuals

Gj+1 3 rnr1 = (I — pjt1A)Va,

with v, € G; N Pl,
where pj11 € C\ {0} and P = [p1, ..., ps] are chosen freely.
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IDR(s) in a nutshell

IDR(s) is a Krylov subspace method that enforces the residuals
r, to be,

Giv1 2 rop1 = (I — pjp1AV,,  with v, € G NP,
where pj11 € C\ {0} and P = [p1, ..., ps] are chosen freely.

The IDR theorem states:
(1) Qj+1 C QJ- for all j >0,
Q@ G; = {0} for some j < N.

Reference

@ P. Sonneveld, M. B. van Gijzen, IDR(s): A family of simple and fast
algorithms for solving large nonsymmetric systems of linear equations.
SIAM J. Sci. Comput., 2008.
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IDR(s) with collinear residuals

Notation: Let's call A = (A—wl) and ¥, flj11,Vn, ...

Assuming, we have U, = apv, (not trivial!), then we want:

Yn+1¥n+1 = ?n+1

I — ﬁj+1A) Vn

I = fjt1(A —wl)) anvn

ap + anﬁj+1w)vn - anﬁj+1AVn

Y1 (I — Mj+1A) Vp =

/N

Ynt1 (I = pjp1A) v =
Yn+1Vn — Vnt1fj+1AV, =

o~ o~
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IDR(s) with collinear residuals

Notation: Let's call A = (A—wl) and ¥, flj11,Vn, ...

Assuming, we have U, = apv, (not trivial!), then we want:

Yn+1¥n+1 = ?n+1

I — ﬁj+1A) Un

I = fjt1(A —wl)) anvn

ap + OénﬁjJrlw)Vn - anﬁj+1AVn

Y1 (I — Mj+1A) Vp =

/N

Ynt1 (I = pjp1A) v =
Yn+1Vn — Vnt1fj+1AV, =

o~ o~

Choose fi;11 and 7,41 such that the two terms match:

Hj+1 Qn

1_ w/lj—f—l’ Yn+1 = 1—

fij1 = :
Whj+1

3
TUDelft

M. Baumann Nested Krylov methods for shifted systems



	Introduction
	Multi-shift Krylov methods
	Polynomial preconditioners
	Nested multi-shift Krylov methods
	Numerical results
	Summary

